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1., Introduction

Richardson's method, and its acceleration, the reduction-elimination

method, employed to solve iteratively matrix equations of the type

Iu =1,

where L is a symmetric matrix, have been discussed extensively in the
previous three reports D{], Dﬂ and Bﬂ in this series. The essence of
the reduction-elimination method is, as we have seen in [L], the reduc-
tion of the late eigenfunctions of L, followed by the elimination of
the remaining eigenfunctions. It has been shown that the average rate
of convergence rises condiderably, compared with Richardson's method.

However, both methods have only been applied to symmetrical matrix
equations. A model problem, the Dirichhlet problem for Laplace's equation
in a square of side m, has been worked out in [6].

In this same report another way of solving this model problem was suggested:
a non-symmetrical matrix equation was constructed, of which the solution
also satisfied Laplace's equation. It was shown that the P-condition

number [1] of the five-point (+) and (x) schemes one can associate with
this matrix equation, are one fourth of the P-condition numbers of the
corresponding Jacobi (+) and (x) schemes respectively, from which it
follows that the asymptotic rates of convergence are twice the asymptotic
rates of convergence of the Jacobli schemes.

In this report Richardson's method and the reduction-elimination
method are both applied to the non-symmetrical matrix equation. However,
when these methods were tested on the Electrologica X8 computer, some
complications turned up. A detailed analysis is given here for the model
problem, in which is shown, that these were entirely due to the fact
that the schemes used are non-symmetric and that using such non-symmetrical
schemes leads to some unexpected phenomena. A large number of numerical
results are given, and one will also find a comparison with the numerical
results of other non-stationary and stationary iterative methods for
solving the model problem,

In the last section, in which stationary processes are discussed,

also an extension of the method of successive overrelaxation is suggested.




Finally, through the results of wvestigations carried out

n this report we were led to the que unto which measure the

wccuracy of the solution of the bound Jue problem is influenced

Yy the choice one makes from the vari screte analogues of the
aplace operator, which only differ i
ith respect to the coordinate axes.

hether this influence also depends o

orientation of the molecule
1d be interesting to examine

orientation of the boundaries
f the boundary value problem.




2. Preliminaries

In the previous reports of this series, [hl, [5] and [6], the

matrix equations.
(2.1) Lu = f

in which L is a symmetric operator, was discussed extensively. In this
section we shall recall some of the main results of the theory developed
there. Furthermore, a few additional remarks will be made about non-
symmetric matrices L.

An approximation of the solution of the matrix equation (2.1) is

given by a sequence of functions W s the terms of which are calculated

by means of the iterative process

(2.2) W, = (1 -ka)uk tuf, k=0, 1, 2,000,
wvhere 4, is the initial approximation. Writing
woSu vy

so that v, may be considered as the error of the approximation Uy s it

follows from (2.2) that

u = ut Pk(L)vo,

in connection with which one defines the average rate of convergence
for K iterations as the quantity
1n IIPK(L)II

R(K) = - 7 .

(2.3)

If the matrix L is symmetrix, then (2.3) is equivalent to

1n o(P,(L))
2. K
( )4) . R(K) = .___K_...___ )
where o(PK(L)) is the spectral radius of the matrix PK(L).

Let us denote the number of iterations by K, and let us assume that

the eigenvalues Ay of L satisfy
8 =X, <A, < ees <A, =o0(L) =D,

Under the condition a > O Richardson's method may be used to find an

approximate solution of (2.1), which describes an iterative process




ing an average rate of convergence

5) R(K) w 2 - 112

sufficiently large K. The reduction-elimination method, worked

in [4] and Bﬂ, the essence of which is the reduction of the
:nfunctions belonging to eigenvalues inside the interval [é,B],

‘e now a > AT’ followed by the elimination of the remaining eigen-
:tions, leads to an average rate of convergence

. - 2K*% + 1n o(EK*#) +1n 2
R(K+K )3\2\/_;—,_ -

pon s

K + K

‘e K is the number of iterations performed during the reduction
e, K~ the number performed during the elimination phase, and

e G(EK*J represents the spectral radius of the elimination operator
CKf(a*;b,L), see Dd.

age rate of convergence in the non-symmetric case.

1 now we have assumed the matrix L to be symmetric. Vhen L is non-
etric, it is possible to find a lower bound for the average rate
onvergence, if the system of eigenfunctions of L is complete. We
then write the difference A between the initial approximation and

eal solution as a linear combination of the eigenfunctions e, of L

M
vo = L ogep
i=1
'Y M .
vl = 1g() T ases|| < max|PeO) ] ] o |
ollows that
[P0 = sup V[pg(@hvgl| < max|p ()] sup  Ta .

’IVO|’=1 1 ||v0||=1




leads to

1n c(PK(L)) +1n ( su Z’uil)
[Jvgl1=1
R(K) > - - .
K

fore, when the elimination method is used, the average rate of

rgence will be

K;v: + 1 (E,»)+ 1n 2 + 1
= >
n o K n n o

S

K +K

o =  sup z]ai
vy =1

iplace difference operator

 the difference operator

Y, +a+Y X -2+X: | X, + 8+ X_ Y+ -2+ Y_
D == . + d
a + 2 52 B + 2 n2

itroduced, where X+ and Y+ represent translations_t& and +n

the x-axis and y-Ekis respectively; o and B are weight parameters.
isly D is a difference analogue of the Laplace differential operatc
: may write (2.8) in the form

D=1L(X, +X )Y +Y)+L

2(X+ + X )+ L3(Y+ +Y )+ L),

2

r‘L1=%£'2(1+o -Y), N g
- 2 "
L, = g‘e(Y-p), YEaF2 P o
< 2 )
Ly = & (y=1), =&
p_no
_ -2
Lh = =2vE 7,
4




tricting ourselves to the case of a square grid, i.e. p =1, L2 = L3
find a five-point formula (+) when y = 2 (L1 = 0), and a five-point
nula (x) when y = 1 (L2 = L3 = 0).

The difference operator D applied in all interior lattice points
» certain region can be represented by a symmetric matrix, which

L also be denoted by D. The aim is to solve the matrix equation
1) =Du = ¢f

leans of an iterative method. In the same report [6] this equation
been treated numerically for a model problem, namely the Dirichlet
ylem for a square of side m. In section 5 of Bﬂ a second approach,
th we shall recall here in the remaining part of this section, to

» problem was suggested. Details will be worked out in the next
ion.

Besides the operator D we introduce the operator

2) D, = PLX_ + qL X Y + qL3Y_ + QL XY,

e p and g are real parameters. Multiplying (2.11) by (1 - D1)_1 we

3) -(1 - D1)'1Du =g,

, , -1 . . . ,
hich g = (1 - D1) f.Clearly equation (2.13) is equivalent with

1)« To (2.11) the iterative process
L) W = (1 + ka)uk * o f k=0, 1,2, ¢«ueu,
be associated. The scheme corresponding to (2.13) becomes

5) (1 - D1)uk+1 = (1 - D, + ka)uk tof, k=0,1,2, ...,

h resembles Gauss-Seidel's method for elliptic difference equations.

In [ﬁﬂitis proved that the eigenvalues A of the non-symmetric

1

ator L = =(1 = D1)-1D are defined by the equation
1
2

5) R = 2P°Q° cos ng, n=1, ..., g-— 1,

w




PO

li

L, + 2L1(1 - qA)°cos mn,

2 ) |
=L2(1—pk)+2L1(-i_q}‘)2cosmn, m=1, O.G’LT:—-‘I’
i
R=-~L, = A = 2L (1 = qA)%cos mn
L 3
1at the eigenfunctions are of the form
1s 15 1
) p2dqQ2Jd (1 - qx)Zl sin nj€ sinmln, m = T, eco, %._ 1,
; n=17T, cos, g‘— 1.

In those cases that equation (2.16) reduces to an equation of the

Ol

(1 = qr) = A(1 = gr)® + B =0,

A and B are certain functions of p, g, n and m, 1t is easily

ied that
O<)\<—1—
- —aq
ver A and B satisfy the condition
) Of_Bi-;:Ae

11 n and m.

Here again, confining ourselves to square grids, we find a five-
formula (+) when L, =0 and a five-point formula (x) when

L, = O,which will be discussed into details in the next section.

3
ould bear in mind, however, that both formulas are non-symmetric.




igenvalues and eigenfunctions of the non-symmetric five-point

ormulas (+) and (x)

The two non-symmetric formulas (+) and (x), mentioned in the
eding section, will be employed to solve the model problem II in
i.e. Dirichlet's problem for the potential equation in a square
ide m. We shall come across some unexpected peculiarities of these
ulas.

Taking p = 1, and writing € = n =h and N = m/h, so that there

(N - 1)2 interior lattice points, we find that equation (2.16)

5 the form

1
R . N 3 _
) (1 - ar,) = 2qL2(cos nh + cos mh)(1 - qA+) -Lya-1=0,

1e (+) formula is considered, and

=

I () ar,) - th1 cos nh cos mh (1 - gA)? - Lyja -1=0,

le case of the (x) formula; here n, m = 1, ..., N = 1. In order
1itisfy the condition (2.18) we choose q = - 1/Lh, a consequence

1ich is that the ranges of the eigenvalues A, and A are restrictec

1
O<)\ < - —

h2

0 < A

<

Q[

x

ctively. Equations (3.1) and (3.2) then reduce to

noj—=

(1 - ar,(n, m)) 2qL2(cos nh + cos mh)

i
Q
>
x
B
=]
]

th1(cos nh cos mh),
n,m=1, «eo, N = 1, from which easily follows

(cos nh + cos mh)g)

>
+

=]
-

E.
1]

5 &=

o

[

[\M)]

(1 = cos2 nh cos2 mh).

>
X
-
B
|
5
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& (2.17) supplies us the corresponding eigenfunctions

J*l
e+(n, m) = (1 - qk+(ni m)) 2 sin njh sin mlh =
g+ : . .
= (3(cos nh + cos mh))? 1 sin njh sin mlh,
1
e (n, m) = (1 - A, (n, m))2 sin njh sin mlh =
= (cos nh cos mh)l sin njh sin mlh,
n,m= 1, s, N = 1.

unately, amongst the functions e+(n, m) given by (3.5), there
ways some that are equal to zero, and therefore no eigenfunctions.
' 1s even, the same holds for the set of functions ex(n, m). To

e precise, there are 2N - 3 pairs (n, m) for which in those cases
m) or e (n, m) equal zero. Only if N is odd, the set of functions
m) forms a complete set of eigenfunctions. We shall therefore

by making some remarks about the eigenvalues and eigenfunctions

1s case.

alues of the Gauss-Seidel (%) formula.

uw of (3.4) we may conclude that

AMn, m) = A(n, N=m) = A(N~n, m) = A(N -n, N =m)

Am, n) = A(N =m, n) = A\(my N =n) = A(N ~m, N - n).
k'

L times, and that the remaining eigenvalues are 8- fold. In

his it is seen that the eigenvalues A(k, k') for which k

s order to take along all the eigenvalu

, it is obviously sufficient to conside

o

>

—

2;2223,,/ only those pairs (n, m) that satisfy

N T<n< (N=-1)/2and 1 <m < n.

yd \ In fig. 3.1 the corresponding area

1s shaded.
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7ish to get an impression how the eigenvalues are distributed in
interval [},b], where a is the smallest eigenvalue, and b = 1/q.

;his end we examine the function
o(x, y) =1 = cos® x cos® v

0 < x<m/2, 0 <y < /2. The variable x corresponds with nh, y
\ mh. Figure 3.2, in which the function ¢(x, y) is sketched, gives

‘he rough impression that considerably more eigenvalues are situate
he end of the

rval l:a. ,b]

. 1n the

nning, that
e is an
mulation of
nvalues in
last part
#,B]. Indeed,
out too

° . Ld x
difficulties (0,0) Fig. 3.2

can calculate

about 60% of the eigenvalues lie in the subinterval E%b, b].
Finally, we note that from (3.3) it follows that the smallest
avalue A(1,1) = A, is approximately 4. The largest eigenvalue o(L)
oout fé (= é), so that the P- condition number becomes

o(L) _ _1
A on?

isymptotic rate of convergence is
R(») = 242.h
1functions

;art the discussion of the eigenfunctions by proving the following

rem.
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em The eigenfunctions e(n, m), n, m =1, ..., N = 1,
by (3.6), form a complete set, if N is odd.
Eigenfunctions belonging to different eigenvalues
None of the functions e(n, m) of system (3.6) vanish
se N 1s odd. If we succeed in showing that the eigensp
ng to the 8-fold eigenvalues are 8-dimensional, and th
ng to Lb-fold eigenvalues 4-dimensional, then we may co
em to be proved.
We first observe that the Eucledian inner-product

N-1
‘e(n, m), e(n', m')> = ) (cos nh cos mh)l sin njh
L J

Jsl=1

.(cos n'h cos m'h)l sin n'jh sin m'lh =

N-1
0os nh cos n'h cos mh cos m'h)l sin mlh sin m'lh E sin
J=1

ver n # n'. Here we have made use of the relation

N-1 0
Z sin njﬁ-sin mj
§=1

m
¥ =0
and m are unequal integers.

Let us consider, taking m # n, the eight functions
e(n, m), e(N = n, m), e(N -m, n), e(m, n) and
e(N-n, N-m), e(ln, N-=m), e(my N ~n), e(N - m,

ly, because of (3.7) the first four functions are mutu
cular, and the remaining four functions mutually as we
ion we now ask ourselves is if it is possible to write
ear combination of the last four eigenfunctions. Since
.7) e(n, m) is perpendicular to all except e(n, N - m)

e(n, m) would be a scalar multiple of e(n, N - m). But

e(n, m) = (cos nh cos mh)l sin njh sin mlh
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e(n, N = m) = (—1)1 (cos nh cos mh)l sin njh sin (N - m)lh,

*e follows a contradiction.
Proceeding in this way we can see that the eight mentioned func-
1s are mutually independent. In a same manner one can show that the

:mspaces belonging to L-fold eigenvalues are L-dimensional.

The following remark has importance. Although the set (3.6) of
mfunctions is independent and complete, this does not tell us
‘hing about its conditioning. In fact, the set (3.6) is very ill-
itioned.

We shall give an illustration of this fact, choosing N = 19, the
+ example for which the majority of the numerical experiments is
‘ormed (see section 4). For a few values of n, my, n' and m' the
tity

been calculated, the results of which are listed in table 1. The

ol || || denotes the norm corresponding to the Eucledian inner-
uct. We know that H(n, m; n', m') = O when n # n', so that it is
icient to examine H(n, m; n, m'). The lesser H(n, m; n, m'") differs

1, the smaller the "angle" between e(n, m) and e(n, m'") will be.

.3053
.1362 | .5912
<1110 | .3632 | .8007
<0955 1 .2737 | .5976 | .9007
.0855 | .2330 | 4774 | .75MT | .okk1
0775 | .2029 | .4019 | .6390 | .84L0O | .9657
L0711 1 1821 | .3533 | .5596 | .7558 | .9025 | .9806

L0677k j L1707 | .3279 | .5178 | .7048 | .8573 |.9538 .9937,
| )
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n=n"'"=7T7
n=m'
ml
m T 8 9 n' 8
: m
T Table 3.1
8 1.9968 8
9 [.9923 «9991 9 «9997

We have already noticed that the pairs of numbers
n or m are close to (N - 1)/2, are exactly those that
large eigenvalues. Looking at table 3.1 with this know
easily see that the eigenfunctions belonging to large
those that make the system of eigenfunctions ill-condi
come back to this subject when the results obtained by
symmetric five-point difference scheme applied to the

for the square of side m will be discussed (section L4)

Rectangular regions.

This section will be terminated by making some remarks
problem for a rectangle. Let the sides of the rectangl
km (0 < k < 1), and assume that a grid consisting of N
side h = n/N fits exactly into the rectangle. Clearly,
the case of the square, it is easily shown that one mu

q to be equal to _1/Lh' The eigenvalues and eigenfunct

by

A(n, m) =2 (1 = cos® nh cos® EE)
2 K
h
and
e(n, m) = (cos nh cos %?)l sin njh sin E%E

respectively. The smallest eigenvalue

A(1, 1) = 2 (1 - c032 h coselg)
h K

is larger than the one in the case of the square of si

2

roughly we may make the estimate

A(1, 1) ~v2(1 + ié).

.) for which
pond with
we can

‘alues are

.« We shall
non-

let problem

the Dirichl
and
quares of
h. As in
o choose

re given

Very
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ne should have expected, the smallest eigenvalue is strongly depen-

on the shape of the region. As upperbound for the eigenvalues one may
n take 2/h°.

El_{..‘

iteration scheme with y = 2 may be interpreted as the iteration
ne with y = 1 applied to a square which is rotated over 45° (see
res 3.3 and 3.L4).

Fig. 3.3 Fig. 3.k

‘der to compare results of the schemes with y = 1 and Y = 2, one
.0 choose N(y) such that N(2) = N(])/VEZ Then the difference in
‘esults of the two schemes is only caused by the difference in
ttation of the square with respect to the x and y axis.
Furthermore, it is possible to calculate the net function wy in
the net points when using the (x) formula, for example the points
\) of which n and m are both odd or both even. Then the solutions

e two sets of net points are independent.




Iy, Numerical Results

Numerical calculations fo
equation in a square of side 7
were performed on the Electrol
chosen, the mesh size of which
(N - 1) x (N - 1) interior nod

The number

(b.1) R (K) = -

which was already introduced 1
rate of convergence after K 1t
order to enable us to compare

symmetric schemes. We have

(L.2) R™(K)

As in [4] P (L) 1s the Chebysh
polynomial operator multiplied
EK*(L)' In most of the calcula
to be equal to O.

In [LL] and [7] the choice

eliminating the eigenvalue A(n

choose K 1s
n,m

(k.3) K =

in which case Ep, is stable
n,m

let problem for Laplace's
problems I and II in [6],
puter. A square grid was

. Obviously there are

* £

+

serve as an estimate for the
the iterative process, in

of the symmetric and non-

Dvp + f||’~

Dy, + £

') Dvol

— - R(K).
Vo |l

1 CK(a, b, L), or a Chebyshev-
ore elimination operators

homogenious term f was chosen

ee of the operator EK* )
n,m

scussed. The first way to

b N
A(n,m))+ 's
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One obtains an optimal elimination operator, if one chooses

o satisfying the equations

2 %-+ %; 1n c(ﬁx(L)> =0,

= . 1
= + 3
K n,m entier (x + 3),

h are equations (3.19) on page 102 of E{]. The tables given in Ei]

of great use.

ial numerical features of the Gauss-Seidel five-point formula (x)

ave already noted that the asymptotic rate of convergence of the
s-Seidel five-point formula (x) is 2V§h, which is twice as much

1e corresponding Jacobi scheme. We shall now discuss some special
rical features of this formula.

Richardson's method applied to the five-point formula (x) gave

1 case that N = 11 and the degree of the used Chebyshev-polynomial
[, the following results

.al approximation R (K) R(K) > 2y/& _ 1n2 _ 1na
- b K K ]

2)(y - 2)sin x sin y .07
:(n, m) <73
2)(y - 2)sin x sin y .51 .78 - ié%i - l%Q =
| preconditioning s 1no
. of degree 5) . K

Table 4.1

e that when a sum of eigenfunctions is chosen as the initial

ximation, the expected rate of convergence is actually reached,

as starting with a rather arbitrary function as (x - 2)(y - 2)sinx sin y
to a rate of convergence considerably below the expected

- It is at this point that the ill-conditioning of the set (3.6)

genfunctions re-enters into our considerations.
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A consequence of the ill-conditioning is that the coefficients in the

expansion .for arbitrary Vo

(k.5) Vo = g a e s

éan be large, so that the quantity lno appearing in (2.7) can also

be large. During the reduction by means of a Chebyshev-polynomial
operator all eigenfunctions are equally damped. Therefore, an extra
damping of those eigenfunctions for which a. is large, is desirable,
in order to surpress the influence of the bad conditioning of the set
of eigenfunctions. We already know (section 3) that the eigenfunctions
belonging to large eigenvalues are those that make small angles with
each other, so that we may expect the a. corresponding with these
eigenfunctions to be large. Furthermore, we also know that in the
interval Eg b, b] 60% of all the eigenfunctions are situated. An extra
damping of the eigenfunctions dominating in (L4.5) may be effectuated
by an extra Chebyshev reduction on the interval E% b, ﬂl. The third
result in table 4.1 shows the effect of this procedure. Of course the
choice %-b is more or less arbitrary, but it turned out to work well.
The best way to look at this extra reduction is to see it as a means
to prepare the initial approximation in such a way that over-all
reduction can be performed successfully. We shall call this pre-
conditioning. When this is combined with the elimination of the first

two eigenfunctions, the polynomial operator PK(L) takes the form

- 4
P(1) = B (1) B (1) O (8, b, )G (30, b, 1),

wvhere Kr denotes the degree of the Chebyshev-polynomial used for the
over-all reduction, Kc that of the polynomial used for the preconditio-
aing.

There is another phenomenon that points to the strong domination
>f the late eigenfunctions. After having applied Richardson's method
oy means of a Chebyshev-polynomial of degree 32 in the case N = 19,

the function s, showed globally the tendency pictured in figure b1
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+
‘IO-)'L
e Along horizontal lines the function
+ .
I 10-2 remains of the same order, but
f along vertical lines it changes cons
+0 . . .
0 siderably. The eigenfunctions are of
5 the form
10” g .o,
(3.6) e(n, m) = (1 - qA) '“sin njh sin mlh.
1O+4 Remembering that A < é-= b for all
A, it is clear that especially the
Fig. L.1

eigenfunctions belonging to large
mvalues show strongly the sloping effect indicated in figure kL.1.
. as we have seen, it are exactly these eigenfunctions that remain
mgly present after an over-all reduction. This phenomenon gives
n experimental way to determine of which degree the Chebyshev-
nomial for the pre-conditioning can be chosen, namely such that
- sloping effect has vanished entirely. From a practical point of
" this suggests the performance of the over-all reduction first,
the pre-conditioning afterwards.

It is obvious that as a consequence of the bad conditioning of
eigenfunctions the average rate of convergence after K iterations

ces below its asymptotic value by a considerable amount. From (2.7)
ollows that

c(K, , K
R(K,, X,, K,") 3_24% -1

K +K+K
r 1 2

» ?

e K1*.and Ke*.are the degrees of the operators eliminating the
t and second eigenfunctions respectively.
oducing the pre-conditioning phase, the constant c¢ will also depend

he degree K, of the operator Cx (%—b, b, L). If we set
> > ¢ N

K. +K + K + K, , then we may write

c r 1 2




20

K1*'and K2*-are determined from (4.3) or (4.4), the results of which
are listed in table (L4.2).

(n,m) fa.
N L7 - e/K
| 9.5 4 T2 = /K
4.5 3 L 1.00 - ¢/K
i 3
Table 4.2

Comparison with other non-stationary difference schemes

The Gauss-Seidel (x) formula has been compared with several other
schemes. Richardson's method, and the elimination method, supplemented
by an extra pre-conditioning phase, for this scheme has been compared
with Richardson's method and the elimination method for the Jacobi (x)
formula, and with Richardson's method for the Jacobi (+) formula.
Comparison with stationary methods will be given in section 5. All
calculations were done for the case N = 19, that is 18 x 18 interior
nodes.

In table 4.5 the results are listed. The symbols in that table
have the following meaning:

stv - startingvector, initial approximation, see table L.3;

K - total number of iterations performed;

Kr - degree of over-all reduction polynomial operator;

Kc - degree of the pre-conditioning operator;

K.”, K . degrees of the operators eliminating the first and

2
second eigenfunctions respectively;

[a, b] denotes the interval over which over-all reduction is
performed;

y - defined in formula (2.10);

R (K) - defined by (4.1);

(i) denotes that the eigenvalue of which the corresponding eigen-

function is to be eliminated is found by the process
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r\
oy =y ]|
q =
Uy - w1
Yk T Ukt
6) I
o= 1 e
k-1 Yk

re w, are the relaxation parameters (see [4]);
(ii) denotes that the analytical expression for the eigenvalue,
ch is known for theis test-case, was used;

) - the theoretical average rate of convergence;

3

) - the asymptotic rate of convergence (Kr - ),

For the Jacobi (x) scheme we give in table 4.4 the values for
and KQ%; which are obtained in an analogous manner as was done
table 4.2, See also [6].

stv initial approximation
i (x - 2)(y - 2) sin x sin v
5 (x = 1)y - 1)(x - 2)(y - 2) sin x sin y
8 O on the boundary, 1 in the interior of the square
Table 4.3
a
(n,m) | A2 V8 + 1 o(B) + 1n 2
a 5 T oy
K +K
T
2 .23 - 6.93/K
8 ‘37 - 392)4'/K
5 T U7 - 5,68/K
8 5 U7 - 5.97/K
Table 4.k

able 4.6 some results for a rectangular region is given. The

s of the rectangle are m and (9/39)m respectively, and is covered

9 x 9 squares.
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Method - |s K. |k, K]*’ K, | & b |y |R(K) R()
32 |19 3.9 73.2) 1| .33 b7
32 |19 3.9 7322] 1| .37 LT
(1) 29 (18] k4 9.5 73.2] 1| k49 T2
(1) 29 118 L 9.5 73.2}.1 | .52 .72
(i1) 29 | 181 L 9.5 73.2{ 1 | .53 -T2
(1) 29 (18] & 9.5 73.2} 1 | 49 .72
Gg:izgl () (1) 29 | 18{ L 9.5 73.2) 1 | .L9 .72
(i) 29 {18} L 7.0 73.2] 1 | Lk .62
(ii) 29 1 18] 4 fT.0, 73,20 1 | bk .62
271 1171 3 L %hos 73.21 1 | .53 1.00
27 [17f b | 3 gh.si732| 1} .52 1,00
! : g f
o | ’
— e *m"_éwmﬁuwwwu SRS S .ﬁﬁ_nw“ﬁp
Tacobi () 51 c2 k6,311 | .23 . .23
| () §h5 . 5 14631 1 | .29 | .37
(i1) gu5§ | s k6.3 1 | .29 b3
(ii) E39g R gmaam 1] .33 7
N i g
T T
Jacobi (+) 51 L2 292,62 2 1,16 .16
i : ' '
le 4.5: results for the square 19 9
Gauss-Seidel(x) 32> 19 37.8 |308 1. ,5éF -:;6
Jacobd(x) 51 18.9 (616 11 +35 -35
Jacobi(+) 51 ’ 18.9 (1232 | 2 | ,25 .25
| | i i — | I

le 4.6: results for the rectangle 39
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e remarks for the case of even N

section 3 we restricted ourselves to the Gauss-Seidel (x) formula
odd N. We shall now make some remarks and give some results for the
21 problem when N is even. Let n, = N/2. Of the set (3.6) those

1, m) with n = n, or m = n, then equal zero, and are therefore no
:nfunctions. It can easily be proved that adding the (2N - 1)-1
*tions v

E(n, m) = sin njh sin mlh, n = n,orm=n_

she set of non-zero functions of (3.6) provides us a base for the
e of net functions. For the case N = 20 we have compared experi-
.ally the effect of applying once the operator 1 - wL, where

[a - (a+ b)/2]-1, to some functions E(n, m) and to some eigen-

tions, the results of which are given in table 4.T.

tion 1)y v |k K. | K. | a |[b y R (X)| R(=)
10) . 091 18 51 32 19 3.9 65.7 1 .36 49
»1) . 095 191511 321 19| 3.9 73.2 |1 .33 U7
,10) 095 20 | 514 321 19} 3.9 81.0 | 1 .30 ,th
»19) - 095 Table 4.8 -
,10) .091

»9) - 146 We see that the additional functions E(n, m)

»9) - 096 are not damped much less than the eigenfunctions
9,9) - 146 e (n, m). In table 4.8 the results of Richardson's
Table k4.7 method, supplemented by a pre-conditioning phase,

for the Gauss-Seidel (x) formula are compared for

the cases N = 18, 19 and 20; stv = 4. Both tables

suggest that it is possible to use the Gauss-Seidel
scheme for even N as fruitfully as for odd N.
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5. A comparison with stationary processes

This section reviews and extends three basic iterative
of stationary type for solving the matrix equation Iu = f (s
[8], chapter 3).

The method of Jacobi

Following Varga Bﬂ, p. 57 we express the matrix L as t
sum

(5.1) L=C-E-F,

where C is a diagonal matrix whose entries are the diagonal
of L, and E and F are respectively strictly lower and upper
matrices, whose entries are the negatives of the entries of
tively below and above the main diagonal of L.

The method of Jacobi (1845) or the method of simultaneo

placements is defined by the formula

(5.2) w..=0-ctu +c'f, k=0, 1

k+1 k
We apply this method to the matrix problem defined in sectio

reference [6:[ (the model problem I) . We have L = -D, so tha

C = -Lh’
(5.3) E =L)X + LY +L/(X +X)Y,
F=LX + L3Y+ + L1(X+ + X_)Y+.

From (5.3) we may deduce that (5.2) is equivalent to the ite
process defined by (2.2) with

-1 52
(Scu) wk. = -L)-l» = E-,;

for all k. The rate of convergence of this process is given

ga

rix

ts
ular

1€C -
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-1_.k 2
. __ An [[O -cT )] £
5) } = - % ——lno(1+2YD)
2 2
- €A & o(-D)
= - 1nEnax(1 alia i oy - 1)].
1 Bﬂ, we may deduce that
2
£, £%6(-D)
- > -1
2y — 2y ’
e
A A
: 1 2 1.2 1.2
1 = R = - 1n(1 - — VR e

) (v) ( o ) 5y & vy ¢
me may | expect the five-point formula (y = 1) is to be
‘erred he five-point (+) formula (y = 2).
he end is section some results of numerical experiments are
n'

The i on process (5.2) - (5.4) can be accelerated by the
alled nt method (see Forsythe and Wasow D], p. 225).
ying t dient method to the Jacobi process described above
btain rative method of type (2.2) with
) =-———-—-—-——-—-——2 V) 2

k 0(—D)+>\1 o(-D)
all k. ct, we have a repeated Richardson process with K = 1.
rate o ergence is given by
£2 for 1 < vy <é
( - =2
21, A
) Y) V- 1n(1 - "0(_'_"]5'5') v o2 0(.—D) " (

\aY—]_—TT €2 for %iYiQ.
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following figure we have illustrated the behaviour of the rate

vergence as a function of Y.

£2 4
A
|

R'(y)

2 2 b T
R
L T
- | |
5 & |
| |
| | |
| ! ' |
| | '
! ! ' . 7Y
3 5
1 'E -5 2
Fig. 5.1

‘igure indicates that the gradient method accelerates Jacobi's
.if 1 < ¥y < 2. Thus the nine-point formula which arises for

'3 can be accelerated by the gradient method. In fact, we have

R(Z)v2e® | R(Z) vl

wlwun
w

ehaviour is in agreement with numerical results given in table

thod of Gauss-Seildel

tthod of Gauss-Seidel or the method of successive displacements

‘ined by the formula

1 1 1 1

(1 - C E)uk+1 =(1-C E-C L)uk +C f,k=0,1, 2,.

lethod was mentioned by Seidel (18Tk4) and used by Gauss.
ng the method to model problem I (see [5], section 3) we obtain

yrmula
-1 _ -1 -1 -1
(1 + L)+ E)uk+1 = (1 + Lh E - Lh D)uk - Lh f

E is defined by formula (5.3).
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- special case is called Liebmann's method. Formula (5.9') is

tical to formula (2.15) with

2 2
cg=_1"1-& - _ -1 _¢&
o) PRas-hy, T3 oL sg

all k.

rder to find the rate of convergence of the Liebmann method we

to know the behawiour of

, -1_1K, ;
’I[i +w(1 -D,) D] s ws= g;—

function of K. From van der Houwen [7], p. 30 we take the formula

- . -1r K-p+
1) || I | ~vKP LO(A)] P s K » ©,
e p is the largest order of all diagonal submatrices Jf of the
an normal form J of A with o(J,.) = o(A) and where v is a constant
ted to the conditioning of the matrix A and the conditioning of
sigenfunctions of A. Applying (5.11) to the matrix A = 1 + w(1 = D

1
otain for large values of K

v

) R(K)v ~1n o(1 + w(1 = D.)”'D) = %

1

w

3) c=1lnv+(p=-1) Un K - 1In o(1 + w(1 - D1)_1D)).

1s consider the five-point formula (+) and (x). It was shown in
lon 3 that the eigenvalues X of -(1 - D1)_1D approximately vary
:en 4 and 4 5_2 and between L and 2 £72 respectively. From this
>llows that the rates of convergence averaged over K iterations

;iven by respectively

) RK) v el -t R (K) 2 e? - =

iring these results with figure 5.1 we see that asymtotically
lann's method converges twice as fast as Jacobi's method. This
usion was affirmed by numerical experiments (see the table

le end of this section).
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onstants c_ and c corresponding to the initial approximation
were determined experimentally by considering the rate of con-
nce as a function of 1/K. For large values of K this function

es as a linear function whose slope is equal to c,orec .

In the same manner as the Jacobi method (5.2) - (5.4) was acceler-
by choosing more appropriate values for W, We can accelerate,
ast asymptotically, Liebmann's method by choosing

) - N 2

k Ayt o(-(1 - D})M1D) o(-(1 =D

-
)7'p)

11 k. The average rate of convergence follows from (5.12) where
) is substituted for w. We find

C' i
2 + 2
) R, (K) v 2 &5 === , R' (K) vb g™ - ==,

. is for large K twice the value of the rate of convergence of
ann's method. However, the constants c’+ or ¢' will be large

. the matrix A =1 + w(1 =D )—1D and its eigenfunctions are

ill-conditioned (see the di;cussion in section 3). A number of
iments confirm this theoretical prediction. Some kind of pre-
tioning of the initial approximation as was proposed in the
«ding section will improve the average rate of convergence of the

d considerably (see table 5.1).

\d of successive overrelaxation.

The method of successive overrelaxation (SOR method) is defined

le formula
: -1 _ -1 -1 -1
) (1 =-¢@c¢C E)uk+1—(1—QC E-QC L)uk+QC f,

yarameter Q is called the relaxation factor. The problem is to
its optimal value, i.e. the value of Q for which (5.17) converges
st as possible. For the model problem I, this optimalization pro-

was solved by Frankel [2] in 1950.
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1953 Young [9] solved the problem for a wider class of problems
which the matrix L possesses the so-called property A. However,
ther Frankel nor Youné, and, as far as the authors know, no one
e has applied the theory to the five-point approximation (x) of
Laplace operator. In this section we shall give a discussion of
SOR method for the five-point formula (x).
Applying the SOR method (5.17) to model problem I we obtain the

mula
-1 ’ -1 -1 =1
1 . = . - - -
17") (1 +.Q L), E)uk+1 (1 + QLh E szLLL D)Uk QL f,
re E is defined by (5.3). This formula arises from (2.15) for
-1 52 -1 £2
18) p=q'=_QL)-I» =\Q--—é-; . wkz_ﬂ_Lh =‘Q,—2—Y—’

K=0, 1,2, veu s

is easily verified that the five-point formula (+) and (x) have
perty A and that the order in which the equations are solved by
ng (5.17') is consistent with the tridiagonal representations
responding to these five-point formula (see Forsythe and Wasow

» Do 2bL). It then follows from the theory of Young (see 1] ,
253) that the optimal value of 2. is given by

2 2
1 B} = — U 2(1 =\/— s =1 2
9) oot f = =3 ( - £), v ,
1 +V 1 - (1 +2—YD)

the rate of convergence is given by

20) R(K) v =1n (0 = 1) - <,

pt
‘e ¢ is a constant which is determined by a formula analogous to

13). From (5.19) and (5.20) we find
c c
21) R+(K)m2g-f—, RX(K)mevgg--Ki.
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As we already have mentioned, the values of the constants c, and c,
depend strongly on the conditioning of the eigenfunctions of the
iterative operator A. In the cases considered here we have

satisfy (5.18) and

A=1+w(1-D )_1D where p, q, and

k 1 k
(5.19). We shall make plausible that the eigenfunctions of this operator
are better conditioned than the eigenfunctions in Richardson's method.

We recall that the eigenfunctions of A are given by

¥l

(3.5) e+(n, m) = (1 = qk+(n,m)) 2 sin nj& sin mln,
1

(3.6) ex(n, m) = (1 - qu(n,m))2 sin nj& sin mln.

In the case of Richardson's method 1 - g\ assumes values in the inter-
val [é, d] where ¢ v 0 and d v 1. In figure 5.7a some of these eigen-

functions are illustrated for a constant value of j.

Fig' 50134 Figo 5.1b

In case of successive overrelexation, however, we may derive from

(6], (5.8) that for all A

(5.23) ]1—q>\|=|1—.Qopt|’\a1-2\é\£’b1,y=1,2,

i.e. the eigenfunctions e(n, m) are almost orthogonal (see figure 5.1b).
From those considerations we may conclude that these constants c, and c,
in (5.21') will be considerably smaller than the constants in the

improved Liebmann method. (see table 5.1).
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One may ask if it is possible to accelerate the method of successive
'relaxation by the gradient method as was done for methods of
bl and Gauss-Seidel. In these two cases the eigenvalues of the
‘ative operator A are real, so that the optimal value of w could
1y be found. In the case of successive overrelaxation, however,
eigenvalues are complex and it is not easy to see whether there is

tter value for w. We shall prove the following theorem.

rem I

Wy = Auk + f be a stationary process in which the eigenvalues
A with |af

o(A) satisfy the inequality |a - % | < 1. Then there

ts a number w > 1 such that the process

4) et 1

asymptotically (K -+ ») a larger rate of convergence than the

ess uk+] = Auk + f,

(1 - w)uk + w(Auk + f)

]

efine the function
5) flw,a) = |1 - w + waig = m2[1 + |oc|2 - 2Re oJ+2w[Re o - 1] + 1.
2 fixed value of a the value of f(w, a) represents the eigenvalue
- w + wA corresponding to a. Let w = Wy be the value for which
a) has a minimum and suppose that w > 1if |a| = o(A). The
sion £(1, a) is maximal for |o| = o(A) and as w > 1 for l[a] = o(A),
> exists a right-hand neighbourhood of w = 1 where all functions
a) with |a| < o(A) are less than any function f(w, o) with
= 0(A) (see figure 5.2).
flw,a)

om
|

]a[ < 0(A)

Fig. 5.2
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;here exists a number w > 1 for which (5.24) has a smaller
al radius than o(A) provided that w > 1 when la| = o(A). Since
1 =Re a)/(1 + Ia[g -2Re o) this last condition reduces to

; | < 3 when |a| = o(A) which proves the theorem.

now easy to answer the question if there exists a better value
;han the value defined by formulae(5.18), (5.19): From (5.23)
.lows that the eigenvalues ¢ = 1 - wA = 1 = g\ of A lie all on
:le with radius I1 - ’QBptl v 1 - 2\J2/y £. Further we may derive
}ﬂ, (5.8) that the real part of a assumes positive as well as
.ve values. Thus the condition of theorem I is violated so that

exists no better value of w than the one already considered.

rement of the SOR method

n 1956 Garabedian Eﬂ proposed a new approach to investigate
'gence properties of iterative processes. His method essentially
its in associating a partial differential equation to the iterative
.. He applied his method to the SOR method with respect to the
oint formula (+) and the nine-point formula (y = 5/3).

11l now apply the method of Garabedian to the more general

ive process (2.15), where we drop the condition that the region
ered is a square.

'e interpret the iterate w, as a grid function at time t = tk = k1.
easily verified that for 1 - 0, £ >0, n > 0 formula (2.15)

'orms to the partial differential equation

WUt + AUxt + BUyt = AU,
=l - - J
Wo=—=(1-pL, - q(2L, + L3)),
=L
A_pre E’
- T _
B = - q_(2L1 L3)n.
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introducing the variable z = t + Ax/2 + By/2 this equation reduces

261) WU+ 1(a° + B2)UZZ = AU .

articular solution of this equation is given by

28)  exp(C.z) E.(x,y) = exp (C.t) exp(? C,(Ax + By)) E.(x, y)
i i i i i

re

W+ 2+<Si(A2+B
29) C. = =2

1 A2 + B2

)

where Ei(x, y) is an eigenfunction of the operator A satisfying
boundary conditions and corresponding to the eigenvalue Gi.

e the eigenfunctions Ei(x, y) are complete, we may write the

ition U of (5.26) as a linear combination of the particular solu-
s (5.28). It is now assumed that U(jg, 1n, k1) is an approximatior

he iterate u . Then the factor exp(CiT) corresponds to 1 - wAi
A is an eigenvalue of the operator L = - (1 - D1)-1D and

Ci(Ax + By)) Ei(x, y) corresponds to the eigenfunction e, of L.

[N )

her, we have for lagre values of t

0) UnU (x, y) + a, exp(C1t) exp(%C1(Ax + By)) ET(X, ¥)s

e U_(x, y) is the steady state solution of (5.26), a, is a const
where for C1 is chosen the minus sign. The most rapidly conver-
e to the steady state solution is obtained if

1) w2+51(A2+32)=o,

W
2) &4s large as possible.
A2 + B2
1all analyse these conditions for the case p =1, i.e. £ = n = h.

bstituting (5.27) we obtain the conditions

1) (1 + 61h2) (L22 p2 + (.2L1 + L3)2q2) +

+ 2L2(2L1 + Le)pq - 2L,p - 2(2L1 +L,)g+1=0,

2




3L

) L22 o> + (2L, + L)

> case of the SOR method we have the extra requirement p = q = w.

2q2 as small as possible.

i easily verify that

2
h

) pP=qg®w= = =
Y + (—61)(v -2y +2)h

*ies the conditions (5.31') and (5.32'). The value of - becomes

2y _
) R = '\,2(1 -y
Y + (-51)(Y2 -2y +2)h

[ C B ICEEE)

= 2 and y = 5/3 this expression yields the values already given
~abedian [3]. For y =1, y=2and § v -2 (The model problem)
symptotic behaviour for k -+ o of - is identical to the optimal
s of £ . given by formula (5.19). It may be remarked that the

1g effect of the analytical model (5.26), (5.27) does not depend
Therefore, the condition w = p = q is not necessary optimal. It
l1own above that in the case of the five-point formula (+) and (x)
;ually have w = p = q, but for y + 1, 2 one cannot easily werify
;his value is optimal. In table 5.1 at the end of this section

re listed the values of R (K) which are experimentally found for
iprotant case y = 5/3 for a number of values of w in the neigh-
od of the SOR value.

le now drop the condition p = q. Condition (5.31') may be represent

ellips in the (L2p, (2L1 + L2)q) - plane (see figure 5.3).

/52(L1 + L2)q

Fig. 5.3
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dition (5.32') is simply the requirement that the pair (p, @) should
such that the corresponding point (L2p, (2L1 + L2)q is that point
the ellips which is nearest to the origin. From the symmetry of

problem we conclude that
35) L2P = (2L1 + Le)q

rided that L2 $ 0. In the case L2 = 0 one can easily verify that
optimal value of q equals the value given by (5.33) for y = 1
substituting (5.35) into (5.31') we find

n® 12
36) p = : s Q4 F Y
(v - N2 +V- 28 n 2\ - 26 n

s 1 <y <2,

1 <y < 2 these values differ from the values given by (5.33). Thus
Y = 5/3, one may expect an improvement of the rate of convergence.
value of w has to be determined experimentally. In table 5.1 some
rical results are listed for the case y = 5/3.

‘emark that experimental results show that the method with P=qQ=uw

be improved by choosing w different fromp and q (see again table 5.1)

rical results

We have tested the methods described above for the homogeneous

of the model problem I with the initial approximation

u = (Jh = 2) (1h - 2) sin jh sin 1h,

eh =1/ N. In order to compare the numerical rates of convergence
the values obtained in the preceding section we have chosen N = 19.
measure for the numerical rate of convergence we again use the '

e of R (K) defined by (4.1), p, q and w are the parameters in (2.12)
(2.15). The number C*KK) is defined by

RY(K) = B(=) - 228 .

1 resembles (5.14) and (5.21).
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Method k| v | wn™d ph™ qn~2|R¥(K) | R(=)| (k)
Jacobi (+) 511 2 |1/4 0 0O |.0k0 | .O14| -1.3
Jacobi (x) 51 1 {1/2 0 0 |.067 | .027] -2.0
Jacobi 511 3/2{1/3 o }o |.050 | .018) -1.6
Improved Jacobi 511 3/2{1/2 0 0 |.067 | .027| -2.0
Jacobi 51) 5/3{3/10} © O |.0k6 | ,016} -1.5
Improved Jacobi 511 5/3{3/8 0 0 |.054 | .021) -1.7
Lietmann (+) | 51| 2 fin L Vi [Lorr | .o27] —2.2
Liebmann (+) 1500 2 {1/b P 1/h f1/4 |.045 | .027] -2.6
Improved Liebmann (+) 51 2 I1/2 11/4 §1/4 |-.35 | .053] +20

Improved Liebmann (+) 150 2 {1/2 {1/% §1/4 |-.28 | .053]| +50

ditto, with preconditionings1| 2 {172 114 J1/4 |.ook | .053] -2.1

Liebmann (x) s11 1 {172 {1/2 {172 |.11 .055| -2.5
Liebmann (x) 150 1 {1/2 J1/2 {1/2 |.012 | .055] -2.6
Improved Liebmann (x) 51 1 1 1/2 11/2 |-.28 11 +20
Improved Liebmann (x) 150 1 1 1/2 j1/2 |=.10 | .11 | +31

ditto, with preconditioning51{ 1 § 1 1/2 11/2 |1k 11 | =1.6

SOR, form. (5.18), (5.19)] 51| 2 |.43 |.43 {.43 |.27 | .33 | 2.9
SOR, form. (5.18), (5.19)| 51| 1 }.81 .81 ].81 .40 L7 | 3.5

SOR, form. (5.33) 5115/38.51 §.51 {.51 {.30
SOR 51(5/3}.54 .51 1.51 [.14
SOR 511573453 §.51 |.51 |.19
SOR 511 5/34.52 §.51 {.51 {.2k
SOR 5115/33§.50 f.51 |.51 |.32
SOR 5115/35.49 .51 |.51 [.32
SOR 5115/31.48 |.51 }.51 |.31
Improved SOR 5115/33.43 .64 1.43 [.28
Improved SOR 511 5/35.47 .64 §.43 ].31
Improved SOR 514 5/3§.51 .64 i.43 [,24

Improved SOR 5115/31.56 }.6k |.L43 [,052

Table 5.1: results of stationary methods for the square 19 x 19,
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The ALGOL 60 program

» ALGOL 60 program, which was used to find numerical solutions of
: Dirichlet problem for Laplace's equation in a square of side 7
a rectangle with sides m and km, is now reproduced. It was made to
used on the Electrologica X8 computer of the Mathematisch Centrum
Amsterdam. For a description of the MC standard procedures READ,
.CE, TAB, NLCR, CARRIAGE, NEW PAGE, ABSFIXT, FIXT, FLOT, PRINT and
NTTEXT, which are all procedures that take care of the lay out
'en by the line printer, one is referred to [ﬁO].

A description of the procedures declared in the program is given

'« See also the comments in the procedures themselves.

) calculates the initial approximation and the inhomogeneous

term for the iteration process.

TIALIZE introduces the initial approximation and the inhomogeneous
term.
RT the parameters for a new phase of the iterative process

receive their values from the input tape; the relaxation
parameters are calculated.
ENVALUE calculates the dominating eigenvalue according to (4.6).
DEL performs one iteration.
a certain iterate u*k , where ko =K fix + 1, is stored,
after which the procegs can go on.
IX the iterate u*£ is picked up again.
oUT prints the net Punction u*k.
> the parameters, in the order in which their values should appear

-he input tape, are specified.

=)

is the number of the input tape.

-

specify the mesh length £ = n =h = ¢ / N, so that one
has a rectangle covered by M x N squares.
is the total number of iterations.

} see the comment at the beginning of the program.
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le proc
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;er case an arbitrary sequence of ALGOL symbols may
lLlow, which will be reproduced through the line printe:
: sequence has to end with a " ; ".

.ects the initial approximation by means of F(i).

.ects the inhomogeneous term by means of F(i).

order to store u*k one must choose K fix = ko - 1.
fo)

START the following parameters occur:

the number of iterations of the phase, initiated by
\RT.
the value of a.
the value of b.
the value of y

pp x h x h,

qq x h x h, p and q appearing in (2.12),
the Boolean stat becomes true, then the process is
tionary, otherwise non-stationary,
1y if stat A case # 2) w:= A + (B - A) x READ,
L w, = 1/w.
\ly if —stat) specifies which zero of Ck(a, b, 1)
used in the calculation of the relaxation parameter Wy,
ermines the way in which the eigenvalue is calculated:
J
J
ly if j = 1) if READ > O then the eucledian norm is

0 no eigenvalue is calculated.

1 then the procedure EIGENVALUE is activated.

d, otherwise the maximum norm.
J = 2 then the eigenvalue
ly if j = 2) is read from the input tape.

J = 3 then the analytic expressions for A(ni1, n2),

wn for this special case, are used. The numbers

ly if j = 3) must then be prescribed.
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e if READ > 0 then OUTPUT.
choice if choice = 1 then the iterative process is continued.
On the input tape the numbers given above beginning with
K have to be prescribed.
if choice = 2 then the procedure UNFIX is activated; again,
the numbers beginning with K have to be given.
if choice = 3 then the calculations are restarted with
a new inhomogeneous term; the numbers above beginning
with the second i have to appear on the input tape.
if choice = 4 the whole program is started againj; all the

numbers, except gtbn, have to be prescribed again.

Finally, the complete ALGOL 60 program follows.

'gin comment R1582 TMTC 311067/08, 8157, CALCULATIONS FOR TW

REPORT 109.
Iterative solutions of the Dirichlet problem for Laplace's

equation in a rectangle or square.

case A B c pPp = qq stat scheme

1 2 8x(N/pip2 2 1 Jacobi + stationary
1 2 4x(N/pip2 1 1 Jacobi x stationary
1 4  4ax(N/pp2 2 .25 1 Seidel + stationary
1 4  2x(N/pip2 1 .5 1 Seidel x stationary
3 2 8x(N/pip2 2 0 -1 Jacobi + Richardson
3 2 4ax(N/pip2 1 0 -1 Jacobi X Richardson
2 arbitr. arbitr. 2 arbitr, 1 SOR +

2 arbitr, arbitr, 1 arbitr. 1 SOR x

3 4  ax(N/pi)h2 2 .25 -1 Seidel + Richardson
3 4 2x(N/pi)p\2 1 .5 -1 Seidel x Richardson;

integer choice,gtbn, M, N, KK, case;
gtbn:= READ;
AIN: M:= READ; N:= READ; KK:= READ; case:= READ;




Lo

eger i, j, k, k0, 1, K, I, Kfix;
J L1, L2, L3, 14, S1, S2, S3, $4,
w, A, B, ¢, p, q, h, eucl0, max0,
Qeucl, Qmax, Deucl, Dmax, DDeucl,
DDmax, E, om, omm, pi, DDeucl fix,
DDmax fix, omm fix, Eeucl, Emax, Roneindig;
sger array WI[0:KK]s
A array u, v, u0, £{0:M,0:N];
1922 stat;

1 procedure F(i); value i3 integer i;

1 then F:= READ else

2 then F:=0 else

3 then F:= sin(j X h) X sin(l X h) else

4 then F:= sin(j X h) x sin(l X h) X (j X h - 2)
(1 x h - 2) else

5 then F:= sin(j X h) x sin(l X h) X (j X h - 2)
IxXxh-2)Xx({Gxh-1)x1xh-:

.= 6 then F:= if 1 = N then read else 0 else

=7V 1i=29 then

in comment When case = 3 and i = 7 a sum of -

i

li

L

il

]

functions is used as input function, when i = m
of functions sin(n x j X h) X sin(m X 1 X h);
integer n, m; real func;
func:= 03
for k := 1 step 1 until I do
begin  n:= W[2 X k - 1]; m:= W[2 X k];
func:= func + (if i = 7 then (cos(m x
cos(n x h))N else 1) x sin(n X j X h)
sin(m X 1 X h)
end;
= func
 €lse
= 8 then F:= 1 else




'y

£ i= 10 then

Jegin integer n,m; F:= SUM(n,1,N,SUM(m,1,M,(cos(n X h) :
cos(m x h)) A1 % sin(n X j x h) x
sin(m X 1 X h)))

and;

)rocedure INITIALIZE;

egin  NLCR; NLCR;
PRINTTEXT (fnumber of net points boundary inclu
ABSFIXT(2,0,M + 1)3 PRINTTEXT ({x}); ABSFIXT(
Eﬁl:=0i§£1ﬂiNgg_fg£j:=0§jggluntil
do f[j, 1= F(i);
for 1:= 0 step 1 until N do
begin u0[0, 1}:= £0, 1]; u0[M, 11:= f[M, 1] end;
for j:= 0 step 1 until M do
begin u0[j, 0]:= f[j, 0]; u0[j, N1:= f[j, N] ends
for 1:= 0 step 1 until N do for j:= 0 step 1 until
do v[j, 1}= ufj, 11:= uo[j, 11;
om:= omm:= DDeucl:= DDmax:= Deucl:= Dmax:= 1
K:= -1 kO:= 0

nd INITTIALIZE;

rocedure START:
in real pp, qq;

procedure OP(fix, s, x); real x; Boolean fix;

strigg s3
begin NLCR;

W

if fix then begin FIXT(4,3,x); TAB end
€lse PRINT(x);
TAB; PRINTTEXT(s)
ends
k= K3
K:= READ; A:= READ; B:= READ; c:= READ;
pp:= READ; qq:= READ; stat:= READ > 0;
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. case = 1 then
gin wi= A + (B - A) X READ; S4:= 1/w end else
case= 2 then
gin  comment The optimal relaxation parameter
OMEGA iz now calculatedy
real pg, labda A, labda BC, labda D, OMEGA;
pg:= 2 X (1 — cos(h))/(6 x h);
labda A == 2 -,5 X (2 - ¢) X pg X pq X h x h3
labda BC:= 4/(h x h) - pg X (4 - 2 X c);
labda D == 8 x (c - 1)/(h X h) + (10 - 6 X ¢) X
pg -.5 X (2 —¢) X pg X pq X h X h;
labda A = 1 - h X h/{2 X ¢) X labda Aj
labda BC:= 1 - h x h/(2 X ¢) x labda BC;j;
labda D == 1 - h X h/(2 X ¢) X labda D;
OMEGA  := if labda A < labda BC then
(if labda BC < labda D then
labda D else labda BC) else
labda Aj
OMEGA:= 2/(1 + sqrt{l - OMEGA x OMEGA));
S4:= OMEGA X h X h /(2 X ¢);
wi= 1/S4
d

iicase = 3 then

gin 1= K + k3

for j:= k + 1 step 1 until 1 do W[jl:== READ
ds
=pp X h X hy g:= qq X h X h;
= (1 - ¢/2)/(h x h)3
e= L3:= (¢ - 1)/(h X hj;
= - 2 X ¢/(h x h);
case = 2 then p:= q:= 543
= g X L1y S2:= g X L33 S3:= p X L2;
.CR;
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OP(true,fAb,A); OP(true,fBb,B); OP(truech,c);

if case + 2 then

begin OP(true&p/b\2}b,pp); OP(true.kq/hh2,qq) end
else OP(false,&p = qb,p);

OP(false,fL1},L1); OP(false4L2 = L3}, L3);
OP(false,XL4},14); OP(false,kS15,51);

OP(false,{52$,52); OP(false,kS3},53);

if (case = 1 A stat) V case = 2 then OP(false&S4},54);
NLCR;

j:= READ;

comment Here the eigenvalue of which the corresponding

eigenfunction is to be eliminated, is introduced;

if j = 0 then goto OUT;
if j = 1 then E:= if READ > 0 then Eeucl else Emax;
if j = 2 then E:= READ;

if j = 3 then

begin  integer nl,n2; real nlh, n2h;
nl:= READ; n2:= READ;
nlh:= nl1 X h; n2h:= n2 x h;
E:= if case = 3 then

(if pp < -6 A qq < y-6 then
-L4 - 2 x L2 X ccs(nlh) - 2 X L3 x cos(n2h)
- 4 X L1 X cos(nlh) X cos(n2h)
else
-L4 + (4 x L2 X L2) x (cos(nlh) + cos(n2h)))2
L4 + 16 X L1 X L1 X (cos(nlh) X cos(n2h))p2/:
else 1
end;
A= (2 X E + B x (cos(pi/(2 x K) - 1))/(cos(pi/(2 x K)) +
OP(false,{E},E); OP(falsekA$,A);
NLCR;
I'= K; K:= K + k; k0:= k + 13
if k0 = 0 then
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>gin  NLCR;
Roneindig:= if case = 1 then In(w/(w - A)) else
if case = 2 then 2 X h X sqrt(2/c)
else
if case = 3 then 2 X sqrt (A/B)
else 03
PRINTTEXT ({Roneindig = $);
FIXT(2,7,Roneindig); NLCR; NLCR;
PRINTTEXT(  k eucl max});
SPACE(10); PRINTTEXT (fconv. euclb);
SPACE(3); PRINTTEXT (kconv. max $);
SPACE(5); PRINTTEXT (feigenv. eucl});
SPACE(3); PRINTTEXT(feigenv. maxp);
SPACE(5); PRINTTEXT (kwb);
SPACE(12); PRINTTEXT (kS4}); SPACE(12);
PRINTTEXT (fc eucl ¢ maxb); NLCR
d

dure EIGENVALUE(eucl norm); Boolean eucl norm;
GENVALUE:= 1/omm - (_'1£_ eucl norm then Qeucl
se Qmax)/om;

SEIDEL;
mment the k th residual, average rate of convergence
d eigenvalue is calculated, and also the (k + 1)st
srand and q (see section 7 of TW 104[4]);
21_, U, V, eucl, max, R, Reucl, Rmax;
cl:= max:= Deucl:= Dmax:= 03
1 stat then
gin w:=.5X(A+B+ (A~ B)x cos((2 x Wki] + 1)
X pi/(2 x D))
S4:= 1/w
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=1 step 1 until N do for j:=1_s£g_p_1_1_1_n_t_i_}_Mg£
V= v[j,ll;
Ri= L1 X (v[j + 1,1 + 11+ v[j - 1,1 + 1] +
vj + 1,1 - 1]+ v[j - 1,0 - 1) +
L2 X (v[j + 1,1] + v[j - 1,1]) +
L3 x (v[j,l + 1] + v[j,l - 1] +
L4 x V + f[j,11;
eucl:= eucl + R X R
if max < abs(R) then max:= abs(R);
U= ufj,ll:=V + 81 x (u[j - 1,1 - 1] - v[j - 1,1
+ulj + 1,1 - 11 - v[j+ 1,1
+ 82 x (ufj,l - 1] - v[j,1 - 1)
+ 83 X (ufj - 1,1] - v[j - 1,1
+ S4 X R;
U:= abs(U - V);
Deucl:= Deucl + U x U

_i_f_Dmax < U then Dmax:= U

s ABSFIXT(3,0,k);
= sqrt(Deucl/DDeucl); Qmax:= Dmax/DDmax;
: sqrt(eucl):

"(7,2,eucl/((N + 1) x (N + 1))); FLOT(7,2,max);
: 0 y_p_rlp_t_a_gi_n eucl0:= eucl; max0:= max
SPACE(52)

end

Reucl:= In(eucl0/eucl)/k; Rmax:= In(max0/max)/
FIXT(2,7,Reucl); FIXT(2,7,Rmax);

Eeucl:= EIGENVALUE (true);

Emax:= EIGENVALUE(E&_I_S_G_);

FIXT(4,7, Eeucl); FIXT(4,7, Emax)

4,7,w); FIXT(4,7,54);
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begin  FIXT(4,7, k x (Roneindig - Reucl));
FIXT(4,7,k X (Roneindig - Rmax))

end;

comment now the next iteration is prepared for;

[

for 1:= 1 step 1 until N do for j:= 1 step 1 until M

do v[j,ll= ulill;
DDeucl:= Deucl; DDmax:= Dmax; omm:= om
SEIDEL;

edure FIX;

i

for 1:= 1 step 1 until N do for j:= 1 step 1 until M
do u0[j,11:= ulj,1l;

DDeugcl fix:= Deucly DDmax fix:= Dmax; omm fix:= or
FIX:

edure UNFIX;

1 K:= Kfix}
for 1:= 1 step 1 until N do for j:= 1 step 1 until M
do v[j,ll:= u0lj,1};
DDeucl:= DDeucl fix; DDmax:= DDmax fix; omm:= om
PRINTTEXT(We return to K = $);
ABSFIXT(3,0,K + 1); NLCR

UNFIX;

sdure OUTPUT;

1 integer <H
s:'=_i£M<19\’N<19L}}§£_19_}§_§_2;
if LINE NUMBER > 53 - (if M < N then N else M)
then NEW PAGE else CARRIAGE(3);
PRINTTEXT({Solution after $); ABSFIXT(3,0,K + 1);
PRINTTEXT (fiterations}); NLCR; NLCR;
if N < M then PRINTTEXT(j horizontal})

else PRINTTEXT ({1 horizontal});
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if N < M then
begin §g£ =1 steE s until N _qQ

for j= 1 step s until M do
begin  if j=1 then NLCR;

FLOT(1,2,u[j,1])
end

o

end

P -~

else

for j= 1 step s until M do for 1:= 1 step s until
begin  if 1 = 1 then NLCR;
FLOT(1, 2, ufj, 1]
end;
CARRIAGE(4)
end OUTPUT;
comment OUTPUT only gives a reasonable lay-out when ]

comment program really begins now;
PRINTTEXT(fResults R 1582 TMTC 311067/08, 8157, });
PRINTTEXT (inputtape number}); ABSFIXT(3,0,gtbn);
for i:= RESYM while i $91 do PRSYM(i);
NLCR; i:== READ;
fi=7Vi=9 then
degin  I:= READ; for ki= 1 step 1 until I do
begin W[2 X k - 1]:= READ; W[2 x k]:= READ;
PRSYM(98); ABSFIXT(2,0,W[2 X k - 1]);
ABSFIXT(2,0,W[2 X k]); PRSYM(99)
end; NLCR
:nd;
PRINTTEXT ({Beginapproximation}); ABSFIXT(2,0,i);
= 3.1415926535897933 h:= pi/(if M < N then N else M);
M= M - 13 N:= N - 13
or 1:= 1 step 1 until N do for j:=1_s_§gl_u_r§i_l_M_c_i_q
0[,11:= F(i);
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"+ 13 M= M + 13

TERM:

EAD; NLCR; PRINTTEXT ({Inhomogeneous ter

IXT(2,0,i); INITIALIZE; Kfix:= READ;

):

Ts N= N - 13 M:= M - 1;

= k0 step 1 until K do SEIDEL;

AD > 0 then OUTPUT; choice:= READ;

= Kfix then FIX;

ice = 1 then begin N:= N + 15 M:= M + 13
goto NEW METHOD

end;

ent now an empty iteration follows in order sulate the
orms;

+ 13 W[kl:= W[K]; SEIDEL; NLCR; NLCR; ! ’AGE;

Il

ice 2 then begin UNFIX; N:= N + 1; M:= 1\

goto NEW METHOD

end;

T+ 13 Ne:=N + 13
ice = 3 then goto NEXT INHOM TERM

then begin PRINTTEXT (Continuation of}); g tAIN end
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